We construct N = 4 gauged linear sigma models in two dimensions whose Higgs branch has a R 8 /Z k orbifold singularity or its generalization. Our linear sigma models have either ALF or ALE type hyperKähler 8-manifolds as their Higgs branch. For the ALE case, the matter content of our model is specified by a quiver diagram which is a union of two A-type extended Dynkin diagrams overlapping at one link.
Introduction
It is well-known that some hyperKähler manifolds, such as Taub-NUT [1, 2] and ALE spaces [3] , can be realized as hyperKähler quotients of flat R 4k [4, 5] . In this paper, following the general procedure in [6] , we will consider the quotient construction of some 8-dimensional hyperKähler manifolds which have R 8 /Z k orbifold singularity in a certain limit. This is partly motivated by the recent excitement of the Bagger-Lambert-Gustavsson theory of multiple M2-branes [7, 8, 9, 10] and the closely related model by Aharony, Bergman, Jafferis and Maldacena (ABJM) [11] . For the ABJM model, i.e. a three-dimensional N = 6 U (N ) × U (N ) Chern-Simons-matter theory with level (k, −k) [11] , it is shown that its vacuum moduli space is (R 8 /Z k ) N /S N , which suggests that this model is a theory on M2-branes in the orbifold R 8 /Z k background. As argued in [11] , this picture is also consistent with the brane construction of the model. Namely, the ABJM model is realized as a theory on the D3-branes wrapped around a circle in the presence of a NS5-brane and a (k, 1) 5-brane transverse to the circle. The M-theory dual of this configuration is a collection of M2-branes in the background of intersecting KK monopoles. The corresponding 11-dimensional supergravity solution is given by an 8-dimensional toric hyperKähler manifold [6] . It is shown that the hyperKähler manifold appearing as the dual of NS5-(k, 1)5brane system has a R 8 /Z k orbifold singularity [11] . Some generalizations of the ABJM model, which correspond to more general orbifold R 8 /Γ, were considered in [12, 13] .
In this paper, we will construct two-dimensional N = 4 gauged linear sigma models (GLSMs) whose Higgs branch is a hyperKähler manifold which appears as the M-theory dual of a configuration of n NS5-branes and k (1, 1) 5-branes, or n NS5-branes and one (k, 1) 5-brane. We should emphasize that our GLSM is not directly related to the theory on M2-branes in the orbifold background. We merely use GLSM as a tool to realize the hyperKähler quotient construction in the gauge theory language. Our GLSM is a natural generalization of the model for the Taub-NUT space studied in [14, 15] , which was shown to be dual to the GLSM for H-monopoles [16, 15] applying the method of [17] . We consider both ALF and ALE type hyperKähler 8-manifolds, presented in section 2 and 3, respectively. For the ALE case, the matter content of our GLSM is described by a quiver diagram, which is a union of A k−1 and A n−1 Dynkin diagrams connected at one link (see Fig. 1 ).
ALF-type GLSM
We first construct an N = 4 GLSM in two dimensions whose Higgs branch is an ALF-type hyperKähler 8-manifold, which appears as the M-theory dual of the type IIB 5-brane configurations. In the case of H-monopoles or its T-dual of KK-monopoles, the corresponding GLSMs were studied in [16, 14, 15] . Let us recall the matter content of the GLSM for the Taub-NUT space with KK-monopole charge k [5, 15] . The model has the gauge group k a=1 U (1) a with k hypermultiplets (Q a , Q a ) with charge (+1, −1) under the gauge group U (1) a . Additionally, there is a linear-multiplet (Ψ, P ), where the shift symmetry of the imaginary part of P is gauged under the diagonal part of a U (1) a .
M-theory Dual of n NS5-branes and k (1, 1) 5-branes
We first consider the GLSM for the 8-manifold which is dual to a configuration of n NS5-branes and k (1, 1) 5-branes. Since this brane configuration of 5-branes is U-dual to the intersecting KK-monopoles, we expect that the GLSM for this background is obtained by a simple generalization of the Taub-NUT case. We will show that this is indeed the case followng the general recipe for the quotient construction of toric hyperKähler 8-manifolds [6] . The matter content of our GLSM is the same as the two sets of GLSMs for Taub-NUT spaces with charge k and n, which we call A-part and B-part, respectively:
Here and in what follows, we use the N = 2 language as in [18] . For instance, Σ a and Σ i are the twisted chiral multiplets in the N = 2 language. All other fields such as Q a and Φ a are N = 2 chiral multiplets. The gauge groups of the A-part and the B-part are 
and the F-term L F and the twisted F-term LF are
In the above equations, e 
In terms of the component fields, the bosonic part our Lagrangian is written as a sum of the kinetic term L kin , the potential term L pot and the topological term L top :
Here we used the lower case letters to denote the scalar components of the corresponding (twisted) chiral superfields, except for the linear-multiplets. For the linear-multiplets, the scalar components are denoted as
A a = A a,µ dx µ and B i = B i,µ dx µ in (2.5) are the gauge fields for the gauge groups U (1) A,a and U (1) B,i , respectively. x A and x B appearing in (2.5) denote the SU (2) R triplet parts of the scalar components of the linear-multiplets (2.8)
The kinetic term in (2.5) such as (
normalized to have the period 2π
In the rest of this section, we will analyze the Higgs branch of our model. From the expression of the potential energy in (2.6), the vacuum moduli space 1 is characterized by
(2.11)
1 Strictly speaking, there is no moduli space of vacua in two dimensions because of the Coleman theorem [19] . We analyze the low energy theory in the spirit of Born-Oppenheimer approximation.
In the IR limit e 2 a , e 2 i → ∞, the vector multiplets and the charged hypermultiplets become massive and they can be integrated out. To find the low energy action, the crucial step is to rewrite the kinetic term of hypermultiplet restricted on the vacuum locus (2.11) 12) where ϕ a = −arg(iq a ) and ϕ i = −arg(ih i ). ω a and τ i in the above equations are given by
Due to the gauge symmetry, the low energy theory depends only on the gauge invariant
(2.14)
In the IR limit the gauge kinetic term can be ignored, hence the gauge fields A a and B i become auxiliary fields. After integrating out the gauge fields, we arrive at the effective Lagrangian on the Higgs branch
where β A and β B are given by 16) and the matrix U in (2.15) is
(2.17)
For the n = k = 1 case, one can easily see that the effective metric on the Higgs branch is nothing but the metric studied in [11] , which was shown to be the M-theory dual of a NS5-brane and a (1, 1) 5-brane. For the general case, the metric becomes singular when
This implies that when we set r a = r i = 0 there is a singularity at the origin x A = x B = 0. Near the origin the metric behaves as
From this expression, one can see that the moduli space has a R 4 /Z k × R 4 /Z n orbifold singularity. From the constant part U ∞ of the matrix U
we can read off the moduli of the torus (or type IIB axio-dilaton) as [11] 
The singularity at the origin is factorized R 4 /Z k × R 4 /Z n since the configuration with n NS5-brane and k (1, 1) 5-branes beomes equivalent to the configuration of n NS5-brane and k D5-branes by the shift τ → τ + 1. The latter configuration is dual to the orthogonal KK-monopoles, hence the singularity is factorized.
As discussed in [14, 15] , we can perform T-duality along one of the S 1 direction, say θ B , by using the method of [17] . In this duality, the linear-multiplet (Ψ B , P B ) is replaced by the twisted hypermultiplet (Ψ B , Θ) where Θ is a twisted chiral multiplet in the N = 2 language.
The resulting model describes the configuration of n NS5-branes intersecting with KKmonopoles. As argued in [16, 14, 15] , the low energy effective action receives instanton corrections, which leads to the localization of brane positions along the S 1 direction. It would be interesting to study such instanton corrections in our model.
M-theory Dual of n NS5-branes and one (k, 1) 5-brane
Next we consider the the GLSM for the configuration of n NS5-branes and one (k, 1) 
5-brane. This is obtained by replacing the
where V A is the vector superfield for the gauge group U (1) A . After a similar analysis as in the previous subsection, we find that the effective metric on the Higgs branch has the same form as (2.18) with
(2.22)
By the similar analysis as in [11] , we find that the metric has the orbifold singularity
where Γ is generated by g 1 and g 2
(2.23)
In particular, the singularity for the n = 1 case is R 8 /Z k [11] . For the general case, (2.23) is in agreement with [13] .
ALE-type GLSM (or Quiver Gauge Theory)
In this section, we will consider the ALE analogue of the model. The ALE-type GLSM can be obtained from the ALF-type cousin studied in section 2.1. Let us first consider the A-part. We replace the hypermultiplet (Q a , Q a ) charged under U (1) A,a by the "bi-fundamental" hypermultiplet charged under U (1) A,a × U (1) A,a+1 . In order to have the A k−1 model, we have to reduce the number of hypermultiplets by one, i.e. a runs from 2 to k. We should also promote the linear-multiplet to a "bi-fundamental" hypermultiplet charged under U (1) A,1 × U (1) A,2 . Then the gauge field appearing the Lagrangian (2.5) is replaced as
where we identified k + 1 ≡ 1. Then the resulting theory is described by the A k−1 Dynkin diagram. Note that the link between the node 1 and node 2 represents the hypermultiplet coming from the linear-multiplet in the ALF-type model in the previous section.
We can do the same replacement in the B-part. Then we get a matter content specified by the A n−1 Dynkin diagram. However, there is an important difference for the link between the node 1 and node 2 from the rest of the links. Since the linear-multiplet for the B-part is charged under the gauge field a A a + i B i for the ALF case, this becomes a hypermultiplet in the ALE model charged under the gauge field
Therefore, the hypermultiplet on the link between the node 1 and node 2 in the B-part is The resulting matter content of the ALE-type GLSM is summarized by the quiver diagram in Fig. 1 . Namely, the quiver diagram of our theory is a union of two A Dynkin diagrams overlapping at the link between the node 1 and node 2. The only difference from the usual ALE quiver is that the link between the node 1 and 2 in the diagram B is charged under both U (1) B,1 × U (1) B,2 and U (1) A,1 × U (1) A,2 . Other links in the diagram A (resp. diagram B) are charged only under the gauge group U (1) A,a × U (1) A,a+1 (resp.
Singularity of the Higgs branch
Now we consider the singularity of the moduli space. It is straightforward to study the low energy effective metric on the Higgs branch as in the previous section. The resulting metric is not the one obtained form the ALF case (2.15) by setting the constant part U ∞ of the matrix U to zero. Instead of analyzing the metric, let us consider the singularity from the complex viewpoint by looking at the F-term constraints for the Higgs branch:
where µ a and ζ i are the complex FI-parameters. For the consistency of these relations, the FI-parameters should satisfy
Then the equations (3.3) can be solved as
By introducing the baryonic operators
the vacuum moduli space is written as Therefore, (3.9) has C 2 /Z k singularity at the origin.
Now we go back to the analysis of the singularity of (3.8). Let us first consider the case n = 1. Strictly speaking, the n = 1 case does not follow from the quiver gauge theory, since we need two distinguished nodes in order to connect two A Dynkin diagrams, which implies k, n ≥ 2. However, we can formally set n = 1 in the equation ( 
